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1. In t roduct ion  

A passive non-metall ic gyroscopic e a r t h  s a t e l l i t e  f o r  

measuring the  in-plane precession predic ted  by  general  r e l a t i v i t y  i s  

being s tudied .  Gravi ty  grad ien t  torques are minimized by the  com- 

b ina t ion  of optimum gyroscope geometry and favorable  i n i t i a l  

alignment of the s p i n  ax i s .  

f l a s h e s  of s o l a r  r e f l e c t i o n  from mirrored f a c e t s  on the  s a t e l l i t e .  

Data are recovered by observat ion of 
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2.  Optimization of Parameters 

Se lec t ion  of optimum o r b i t  and s a t e l l i t e  s i z e  and shape para- 

meters f o r  a r e l a t i v i t y  experiment is  being studied.. The objec t ive  i s  

t o  s e l e c t  parameters i n  such a way t h a t  t he  expected r e l a t i v i t y  e f f e c t  

is  maximized while dis turbance torques are minimized and t o  provide f o r  

a s i g h t i n g  frequency high enough t o  y i e l d  accura te  measurement of the  

s p i n  a x i s  o r i e n t a t i o n  f o r  an extended period of t i m e ,  of a t  l eas t  one 

year .  

assuming the  o r b i t  i s  c i r c u l a r  e 

A summary of t he  p r inc ipa l  f a c t o r s  i n  o r b i t  s e l e c t i o n  fol lows,  

(1) The e f f e c t  t o  be measured - predic ted  by the  genera l  

theory of r e l a t i v i t y  - i s  maximized when the  s a t e l l i t e  s p i n  a x i s  is in  

the plane of the o r b i t  and va r i e s  inverse ly  as the  o r b i t a l  r ad ius  r a i s e d  

t o  the  5/2 power. E i t h e r  a non-regressing polar  o r b i t  or an e q u a t o r i a l  1 

o r b i t  would permit t he  gyro sp in  a x i s  t o  remain i n  t h e  o r b i t a l  plane 

f o r  an extended period of t i m e .  

(2) Disturbance torques produced by g r a v i t y  g rad ien t  and by 

aerodynamic drag are both minimized when the  sp in  a x i s  i s  i n  the o r b i t a l  

plane,  but  the l a t t e r  i s  two orders  of magnitude smaller  a t  an a l t i t u d e  

1 3 2 , 3 9 4  Mini- of 1000 km. These e f f e c t s  a r e  documented i n  CSL r epor t s .  

mizat ion of these  torques f o r  an extended per iod a l s o  implies t h a t  

e i t h e r  a polar  o r  an e q u a t o r i a l  o r b i t  must be used. 

( 3 )  Sola r  pressure torques may be the  most s e r ious  d is turbances  

1 
from the  s tandpoint  of unce r t a in t i e s .  

change during a y e a r ' s  t i m e  because of degradat ion of t h e  s a t e l l i t e  

sur face  and r e s u l t i n g  imbalances of a b s o r p t i v i t i e s  between the  two 

That i s ,  t he  amount of torque may 
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s a t e l l i t e  hemispheres. Therefore,  t he  proposal of a polar  o r b i t  with 

the  gyro sp in  a x i s  normal t o  the  e c l i p t i c  plane is  no t  i d e a l  because 

precessions due t o  s o l a r  pressure torques of unknown changing magnitude 

could e a s i l y  e x i s t  i n  t he  plane of the  o r b i t  and inva l ida t e  any sus- 

pected measurement of t he  r e l a t i v i t y  e f f e c t .  This unce r t a in ty  would 

e x i s t  i n  any polar  o r b i t ,  regardless  of the s p i n  a x i s  o r i e n t a t i o n .  The 

use of an equa to r i a l  o r b i t  would allow the  s p i n  a x i s  t o  l i e  i n  both the  

o r b i t a l  and e c l i p t i c  planes and s o l a r  pressure torque would cause pre- 

cess ions  with out-of-plane components predominating, and the re fo re  would 

no t  be confused wi th  in-plane measurements e I n  t h i s  conf igura t ion  the  

uneven hea t ing  of t he  s a t e l l i t e  may produce unsymmetrical thermal expan- 

s i o n  and r e s u l t  i n  s l i g h t  va r i a t ions  i n  the  d i r e c t i o n s  of mir ror  normal 

angles .  

angle  between the  sa te l l i t e  sp in  a x i s  and the sun l i n e ,  but  can be 

co r rec t ed  f o r  i n  the  da t a  reduction o r  minimized by us ing  a "zero 

expansion" material such as Owens-Illinois " C e r - V i t " .  

The amount of the  va r i a t ions  w i l l  depend on the  slowly changing 

( 4 )  Reduction of electromagnetic torques w a s  the  primary 

cons idera t ion  i n  proposing a passive s a t e l l i t e ,  and material  p rope r t i e s  

have been spec i f i ed  such t h a t  precessions due t o  these  torques w i l l  be 

a t  l eas t  one order  of magnitude lower than the  r e l a t i v i t y  e f f e c t  regard- 

less of t h e  o r b i t a l  parameters .2  

are a l s o  the  most important f ac to r s  i n  reducing d is turbances  due t o  

Material p rope r t i e s  and shape parameters 

micrometeoroids. 295 

From these  considerat ions the  e q u a t o r i a l  o r b i t  seems the  

l o g i c a l  choice.  The frequencies  of s i g h t i n g  a s a t e l l i t e  i n  an e q u a t o r i a l  
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o r b i t  from c e r t a i n  t racking  s t a t ions  a r e  being determined by a d i g i t a l  

computer s imulat ion.  Resul t s  of computations f o r  a 1000 km o r b i t a l  

a l t i t u d e  ind ica t e  a p o s s i b i l i t y  of s i g h t i n g  the  s a t e l l i t e  about twice a 

day, weather permit t ing,  from each of two Baker-Nunn t racking  s t a t i o n s  

located a t  Curacao (n. l a t i t u d e  = 12O)  and Arequipa, Peru (s. l a t i t u d e  = 

16.5') and operated by the Smithsonian Astrophysical  Observatory 

Other s t a t i o n s  i n  the  SA0 network could not  be used f o r  t racking  the  

o r b i t  spec i f i ed  above c h i e f l y  because of a lower l i m i t  of 15 degrees on 

the  e l eva t ion  of the  Baker-Nunn cameras Besides the  e l eva t ion  l i m i t  , 

two other  c r i t e r i a  f o r  s i g h t i n g  the s a t e l l i t e  a r e  employed i n  the  d i g i t a l  

simulation: (1) a t  the  s t a t i o n  i n  ques t ion ,  the  observing time must be 

a t  l e a s t  2/3 hour before sun r i se  o r  2 /3  hour a f t e r  sunse t ;  (2)  the  

s a t e l l i t e  must be i n  sunl ight .  During each simulated pass ,  the  angle 

from the  s a t e l l i t e  sp in  ax i s  t o  the hypothe t ica l  mirror  normal which 

would r e f l e c t  sun l igh t  t o  the observing s t a t i o n  is  computed by a technique 

descr ibed by H i l l .  I n  general ,  the  d i s t r i b u t i o n  of these f l a s h  angles  

i s  d i f f e r e n t  f o r  each pass.  Figure 1 shows a t y p i c a l  f l a s h  angle d i s t r i -  

but ion f o r  an observing s t a t i o n  a t  Curacao. The da ta  shown i n  t h i s  

p l o t  were computed using the  c r i t e r i a  c i t e d  above and with the s a t e l l i t e  

s p i n  ax i s  d i r e c t e d  along the  vernal  equinox. These da t a  ind ica t e  t h a t  

5 

6 

a s a t e l l i t e  wi th  mirrors  located a t  say 40, 80, and 140 

be s ighted  continuously f o r  one year from t h i s  s t a t i o n ,  

permi t t ing .  An add i t iona l  s igh t ing  c r i t e r i o n ,  based on 

o ld  a t  the  Baker-Nunn cameraY5 w i l l  depend on the  s l a n t  

pro jec ted  c ros s - sec t iona l  a r ea  of the  r e f l e c t i n g  mirror  

degrees could 

weather 

the l i g h t  th resh-  

range and the  

a t  the time of 
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observat ion.  This add i t iona l  c r i t e r i o n  w i l l  e i t h e r  reduce the expected 

s i g h t i n g  frequency f o r  the  proposed 30 cm diameter s a t e l l i t e ,  o r  necess i -  

t a t e  a r ev i s ion  of the  s a t e l l i t e  s i z e  and mirror a reas .  

To increase s igh t ing  frequency f o r  the  1000 km o r b i t a l  a l t i t u d e ,  

low inc l ina t ion  o r b i t s  w i l l  be simulated, so  t h a t  some observations c,an 

be made from other  s t a t i o n s  i n  the SA0 network. Inc l ina t ions  up t o  10 

may be f e a s i b l e  without excessive a t t i t u d e  d r i f t  r a t e s  from extraneous 

sources .  The l a r g e s t  of these ,  the g rav i ty  grad ien t  precession for a low 

i n c l i n a t i o n  o r b i t ,  i s  given by 

0 

3 

i 

s6 
a(p A[6, t + T (1 - COS ha t ) ] ,  

where Acp is the  component of grav i ty  grad ien t  precession i n  the  e a r t h ' s  

e q u a t o r i a l  plane i n  time t ,  A i s  the  g rav i ty  grad ien t  precession coef- 

f i c i e n t ,  b e  is a s m a l l  angle between the s a t e l l i t e  sp in  a x i s  and the  

e a r t h ' s  e q u a t o r i a l  plane,  i i s  the o r b i t a l  i n c l i n a t i o n ,  and s6 is the  

nodal regress ion  r a t e  of the o r b i t .  Minimization of A with respec t  t o  

gyro diameter gives  a typ ica l  value of 80 sec  a r c  per year .  For a 10 2 

degree i n c l i n a t i o n ,  t h e  nodal regress ion  r a t e  i s  2200 degrees per year ,  

and the  maximum excursion i n  the per iodic  component of Acp is  l e s s  than 

one second of a rc .  The secu la r  component of Acp depends only on b e  and 

is  independent of i. A t  10 degrees i n c l i n a t i o n  the  s a t e l l i t e  could be 

t racked f o r  l imi ted  times by three add i t iona l  s t a t i o n s  i n  the  SA0 ne t -  

work, a t  l a t i t u d e s  of 21°, -26', and 27'. 
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3 .  Solar  Radiation Pressure Torque 

I n  the  Semiannual S ta tus  Report f o r  the  per iod of 1 January 1965 

through 30 June 1965, an approximation was made of the precession of a 

spinning s a t e l l i t e  under the  ac t ion  of solar-radiation-pressure-induced 

torque. Since the  es t imat ion  was made using r a t h e r  uncer ta in  parameters 

a more complete inves t iga t ion  was i n i t i a t e d  on t h i s  problem during t h i s  

per iod.  

Many authors  have t rea ted  the  problem of s o l a r  r ad ia t ion  pres- 

sure  torque where the  r a d i a t i o n  dis turbance torque a r i s e s  from the  

asymmetry of the  sur face  presented t o  the r a d i a t i o n  source o r  from 

sh ie ld ing  of sur faces  from rad ia t ion  (see f o r  example r e f .  7 ) .  For the 

C.S.L. s a t e l l i t e ,  sh i e ld ing  e f f e c t s  a r e  non-exis tent  and torques a r i s i n g  

from asymmetry of the  sur face  w i l l  be extremely small due t o  the  near ly  

s p h e r i c a l l y  symmetric configurat ion of the  s a t e l l i t e  However, even 

when the  sur face  i s  symmetrical with respec t  t o  the  center  of mass, a 

torque can e x i s t  because of d i f f e r e n t i a l  r e f l e c t i v i t y  of sur face  elements 

and va r i a t ions  i n  the  d i r e c t i o n  of the  sur face  normal. Di f fe ren t  values  

of r e f l e c t i v i t y  f o r  the  var ious surfaces  could a r i s e  from d i f f e r e n t i a l  

exposure t o  s o l a r  r a d i a t i o n ,  meteori te  c r a t e r i n g ,  manufacturing e r r o r s  

and o ther  causes.  Variat ions in  the  d i r e c t i o n  of the  sur face  normal 

could a r i s e  from manufacturing e r r o r s  and warpage of the  sur face  due t o  

deformation under c e n t r i f u g a l  s t r e s s  while spinning and thermal expan- 

s i o n  caused by s o l a r  hea t ing .  

presented by Robert E .  Roberson w i l l  be appl ied  t o  t h e  C.S.L. sa te l l i t e  

t o  include those e f f e c t s  mentioned above. This approach w i l l  then 

A s t a t i s t i c a l  approach such a s  t h a t  

8 
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g ive  an expected value of precession due t o  the  combination of these  

e f f e c t s .  

t a n t  prel iminary r e s u l t s  have been obtained which can be repor ted  a t  

t h i s  time . 

This e n t i r e  ana lys i s  has no t  y e t  been completed but  some impor- 

F i r s t ,  a computer program has been w r i t t e n  f o r  use on C.S.L.'s 

Control  Data 1604 computer t o  ca l cu la t e  the precession caused by d i f -  

f e r e n t i a l  r e f l e c t i v i t y  of t he  various sur faces  on a C.S.L. s a t e l l i t e .  

The program i t s e l f  i s  general  enough t o  be u s e f u l  f o r  c a l c u l a t i n g  s o l a r  

r a d i a t i o n  induced precession of spinning s a t e l l i t e s  of many d i f f e r e n t  

conf igura t ions .  

and a l t i t u d e .  The o r b i t a l  regression and e a r t h  shadow e f f e c t s  a r e  

included i n  the  ca l cu la t ion .  

The o r b i t  must be c i r c u l a r  but  may have any i n c l i n a t i o n  

For purposes of numerical computation, t he  s a t e l l i t e  parameters 

used i n  the  f i r s t  ca l cu la t ion  were f o r  the s a t e l l i t e  conf igura t ion  

repor ted  i n  the  Semiannual S ta tus  Report  f o r  t h e  period 1 January 1966 

through 30 June 1966. B r i e f l y ,  the conf igura t ion  is  a sphere modified 

by cubic-or iented f l a t  sur faces .  The sphe r i ca l  diameter is 30 cm and 

t h e  f l a t  t o  f l a t  diametr ic  dis tance is  24.50 cm. The six su r faces  each 

have area of 236 cm and the  angles of the sur face  normals r e l a t i v e  t o  

the  s p i n  a x i s  are 42, 54, 71.36, 108.65, 126, and 138 degrees.  An 

e q u a t o r i a l  o r b i t  of 600 mi les ,  or  approximately 1000 km, a l t i t u d e  w a s  

chosen with the  sp in  axis i n  the  plane of the  o r b i t  and i n i t i a l l y  per- 

pendicular  t o  the  e a r t h  sun l i n e  and the  v e r n a l  equinox l i n e .  

2 

Dif f e r e n t i a 1  r e f l e c t i v i t y  w a s  in t roduced i n t o  the  problem by 

consider ing each sur face  t o  independently have a c o e f f i c i e n t  of 
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r e f l e c t i v i t y ,  T, of zero while the o ther  f i v e  sur faces  were t r e a t e d  a s  

being pe r fec t  mir rors ,  7 = 1. In  t h i s  manner, many d i f f e r e n t  combina- 

t i o n s  of d i f f e r e n t i a l  r e f l e c t i v i t y  were generated. The r e s u l t s  of the  

ca l cu la t ion  show t h a t  the  "out of plane" precession,  8 s ,  is  per iodic  

r e tu rn ing  t o  zero i n  one year and with a maximum absolute  value of t o t a l  

angular change of 

l A e s  I = le19(l-7) sec  of a r c .  
max 

The " in  the  plane of o r b i t "  precession, q5 

and per iodic  components. 

is found t o  have both secu la r  
S' 

The maximum absolute  value of t o t a l  angular 

change in  one y e a r ' s  time of t h i s  precession occurs near t he  end of the 

year  and was found t o  be 

This  value is the  l a r g e s t  such precession t h a t  w i l l  occur f o r  an equa- 

t o r i a l  o r b i t  with the  sp in  ax i s  i n  the  o r b i t a l  plane. For the  s p e c i a l  

case when the  s a t e l l i t e  sp in  ax is  l ies  i n  both the  equa to r i a l  o r b i t a l  

plane and the  e c l i p t i c  plane,  the " in  the  plane of the  o r b i t "  precession 

i s  per iodic  re turn ing  t o  zero i n  one year and having a maximum angular 

change of 

lA$s I = 0.62(1-7)) sec of a r c .  
max 

From these  preliminary r e s u l t s ,  we can see  t h a t  even fo r  a 10% decrease 

i n  r e f l e c t i v i t y  of a mirror  sur face ,  the maximum amount of precession 

would be about one-tenth of a sec of a r c  which would not  i n t e r f e r e  with 

a measurement of the  r e l a t i v i t y  e f f e c t .  
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Now, consider a small area having zero r e f l e c t i v i t y  such as 

could take place i f  a meteor i te  impacted a t  a poin t  on the sphe r i ca l  

p a r t  of the s a t e l l i t e .  We can apply the  r e s u l t s  w e  have t o  t h i s  problem 

a l s o .  Consider the a rea  t o  be one-hundredth the  a rea  of a mirror f l a t .  

S ince the  s o l a r  r ad ia t ion  pressure torque , and theref  ore  the precess  ion,  

i s  d i r e c t l y  propor t iona l  t o  the  area of the  sur face  i n  quest ion we can, 

as an approximation, assume t h a t  the maximum precession i n  one year is 

1/100 of t h a t  we have ca l cu la t ed ;  i .e.,  

l A e s  1 E l A G s  1 w 0.01 sec  of a r c .  
max max 

Precessions of t h i s  magnitude can be neglected.  

W e  see ,  t he re fo re ,  t h a t  t he  s o l a r  r a d i a t i o n  pressure torque is  

an important d i s tu rb ing  torque, but, on the  bas i s  of these  preliminary 

r e s u l t s ,  the  e f f e c t  of t h i s  torque i s  reduced s i g n i f i c a n t l y  if the  

r e f l e c t i v i t y  of the  sur faces  i s  balanced t o  within 10% of each o ther .  

4 .  Gyro Mater ia l s  

A more exac t  ana lys i s  of the  passive damping method f o r  

a l ign ing  the  instantaneous sp in ,  symmetry and angular momentum axes of 

the  gyro s a t e l l i t e  has been completed and reported.’ 

p l i shed  by the  d i s s i p a t i o n  of energy due t o  c y c l i c  s t r a i n s  i n  the  gyro 

caused by i t s  torque-free precession. The gyro w a s  considered an 

a x i a l l y  symmetric s o l i d ,  spher ica l  i n  shape except f o r  two d iame t r i ca l ly  

opposi te  f l a t s  which give a preferred moment-of-inertia C .  The moment- 

o f - i n e r t i a  about a perpendicular a x i s  i s  A .  

Damping is accom- 
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I n  the  previous r epor t  an approximate value of t he  t o t a l  gyro 

e l a s t i c  s t r a i n  energy W w a s  ca lcu la ted ,  from which the  h y s t e r e t i c  damping 

f a c t o r  y w a s  ca lcu la ted  f o r  a given damping time t .  The exac t  ana lys i s  

of W shows t h a t  i t  can be c l a s s i f i e d  i n t o  two p a r t s .  The f i r s t  i s  a 

very slowly varying quant i ty  which, f o r  p r a c t i c a l  purposes, can be con- 

s idered  a steady or  dc p a r t .  The second p a r t  v a r i e s  with time a t  a 

fundamental r a t e  @ ( r e f e r r e d  t o  as the  e l a s t i c  v i b r a t i n g  frequency) and 

a l l  higher harmonics of (I up t o  the fou r th .  The quant i ty  r$ is  the  

angular  r a t e  a t  which the  instantaneous sp in  a x i s  moves about the  gyro 

body as viewed by an observer s t a t ioned  on the  body. It is t h i s  time 

varying p a r t  which i s  responsible  f o r  the  h y s t e r e t i c  damping of precession.  

Reference 9 shows t h a t W  is  a func t ion  of gyro rad ius  a ,  gyro 

material, sp in  speed wo and angle 8 (misalignment between the gyro 

angular  momentum a x i s  and symmetry ax i s )  as i n  the  following equation 

f o r  s m a l l  values  of 8 :  

w =  

where p is the  dens i ty ,  E is  

quan t i ty  which is  a func t ion  

E 

Young's modulus and I? is a dimensionless 

of gyro geometry and ma te r i a l .  When t h i s  

i s  s u b s t i t u t e d  i n t o  the equation f o r  damping time t as given i n  the  

previous r epor t ,  wi th  s i n  8 M 0 ,  t he  equat ion f o r  damping time becomes 

where B i  and e f  are the  i n i t i a l  and f i n a l  misalignment angles ,  respec- 

t i v e l y ,  and y i s  the  h y s t e r e t i c  damping f a c t o r .  
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From e l a s t i c i t y  theory," the  maximum s t r e s s  a t  the center  

of the  s o l i d ,  spinning sphere is approximately given by 

) 
2 2 3 + 2 v  - 

0 - pwo a (7 + 5v max (3)  

where v is Poisson 's  r a t i o .  

of Eq. (2)  is  proport ional  t o  the maximum allowable s t r e s s  f o r  the 

s e l e c t e d  gyro material. The ana lys i s  of the  combined e f f e c t s  of g rav i ty  

g rad ien t ,  c e n t r i f u g a l  d i s t o r t i o n  and the  s t a t i s t i c s  of micrometeorite 

Hence, t he  t e r m  pw 2a2 i n  the  denominator 
0 

z c r a t e r i n g  leads t o  an optimum gyro diameter of about one foo t .  Equa- 

t i o n  (3)  therefore  e s t a b l i s h e s  the maximum wo f o r  a given gyro ma te r i a l  

g iv ing  due allowance f o r  a sa fe ty  f a c t o r .  For p l a t e  g l a s s ,  f o r  example, 

the  t e s t s  descr ibed i n  the  previous r e p o r t  ind ica ted  an upper value of 

of about 630 rad /sec ,  with a n  adequate s a f e t y  f a c t o r .  For t h i s  same 
wO 

mate r i a l  and f o r  the  following parameters: 

2rr .025 

p = 2 . 5 ~ 1 0  kgm/m 3 2 
= Q =  

w = 630 rad /sec  
0 

a = 7.5 cm - .075 m 

ef = 0.1 a r c  sec  

'i 
E = 7x10'' Newtons/m 2 

= 30 arc  min 

v = 0.16 

the  value of r ,  from reference  9 ,  becomes -071, which, when s u b s t i t u t e d  

i n t o  Eq. (2) gives a damping time of 8.2 hours. 
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For a gyro of one foo t  diameter the ana lys i s  of micrometeorite 

cratering' '  g ives  a r e l a t i o n s h i p  between the  number of h i t s  per year ,  

each of which could cause an angular dis turbance of 0.6 a rc  sec per year, 

versus  (C-A)/C. For one h i t  per  year the  r a t i o  (C-A)/C w 0.01. Assuming 

a Poisson d i s t r i b u t i o n  f o r  the meteorite f l u x ,  t h i s  gives  a p robab i l i t y  

of 0.92 f o r  having one month of undisturbed da ta .  It is important,  then, 

t h a t  the  damping time be q u i t e  smaller than one month i n  order  t o  

sepa ra t e  the  e f f e c t s  of such c r a t e r i n g  from the  sp in  a x i s  o r i e n t a t i o n  

da ta .  The above ana lys i s  shows tha t  t h i s  condi t ion is s a t i s f i e d .  

I n  conclusion, therefore ,  using g l a s s  as a poss ib le  gyro ma te r i a l ,  

the  passive damping method f o r  a l ign ing  the  gyro instantaneous sp in  a x i s ,  

angular  momentum a x i s  and symmetry a x i s  has been shown t o  be f e a s i b l e ,  

r equ i r ing  about 8% hours t o  damp from 8 = 30 a r c  min t o  8 = 0.1 a r c  sec .  

The damping time cons tan t  T is 0.83 hours,  which is probably required 

only during the  i n i t i a l  gyro spin-up. The e f f e c t  of a micrometeorite 

c o l l i s i o n  which would cause an angular dis turbance of 0.6 a r c  sec per 

year  would r equ i r e  only 1.5 hours t o  damp t o  0.1 a r c  sec ,  a reasonable 

time. 
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5 .  Spin-Axis Readout S tudies  

Inves t iga t ions  of the accuracy with which the  sp in-axis -  

o r i e n t a t i o n  da ta  may be obtained fo r  t he  r e l a t i v i t y  s a t e l l i t e  experiment 

12 have continued during t h i s  repor t ing  period. A s  explained previously,  

the  inves t iga t ions  focus upon the  accuracy with which the  pos i t ions  of 

long s t r eak - l ike  images, exhib i t ing  a symmetrically tapered dens i ty ,  

may be determined on t h e  photographs produced by the  Baker-Nunn cameras 

operated by the Smithsonian Astrophysical Observatory. The nominal 

accuracy of f. 1.1 seconds of a r c ,  ob ta inable  f o r  "hard-edged" images, 

would more than s u f f i c e  f o r  the  purposes of the  proposed experiment. 

The goal  of t he  present  inves t iga t ions  is t o  make a q u a n t i t a t i v e  de t e r -  

mination of the  degree t o  which tha t  accuracy i s  approachable by the  " so f t -  

edged" images t o  be d e a l t  with i n  the  proposed experiment. 

Put another way, the  goal is t o  determine the  exposure l e v e l  

(which determines the  s igna l - to-noise  r a t i o ,  f o r  the  image being the  

s i g n a l ,  and the  photographic-film g ra in  being the  noise)  necessary t o  

a t t a i n  p a r t i c u l a r  l e v e l s  of accuracy. These exposure l e v e l s  are t o  be 

2 compared with the  nominal camera input  of 8xlO-l'  lumen-sec/m producing 

a dens i ty  of 0.3 t o  0.4 u n i t s  above night-sky background, an exposure 

l e v e l  found cons i s t en t  wi th  the  proposed s a t e l l i t e  parameters, I n  t h i s  

way, q u a n t i t a t i v e  determinations of the  "pay-of f "  inherent  i n  adjustment 

of these  parameters may be made. 

The inves t iga t ions  a r e  proceeding by two routes  of s imulat ion,  

a " theo re t i ca l "  one i n  which the  s imula t ion  of center -es t imat ion  pro- 

cedures of simulated noisy images i s  conducted i n  the  CDC-1604 computer, 
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and an experimental  one i n  which the  corresponding images a r e  produced 

on f i l m  by o p t i c a l  means f o r  evaluat ion by o p t i c a l  methods, Aspects of 

the  computer methods a r e  described i n  sec t ions  6 and 7 below, together  

with sec t ion  8 which descr ibes  the procedures being followed t o  ob ta in  

the  necessary empir ical  da t a  f o r  use i n  the  computer s imulat ion.  Sect,ion 

9 descr ibes  the  procedures t o  be followed in  the  experimental  approach. 

6 .  Calcula t ion  of Simulated Film Noise 

The p robab i l i t y  d i s t r i b u t i o n s  f o r  the  g ra in  noise  of photographic 

f i l m  q u a l i t a t i v e l y  resemble Gaussian d i s t r i b u t i o n s  except f o r  being some- 

what skewed. It is c l e a r  t h a t  per fec t ly  symmetrical d i s t r i b u t i o n s  a r e  

out  of the quest ion whether f o r  transmission va lues ,  t = I/Io, the  r a t i o  

of t ransmi t ted  t o  inc ident  l i g h t  i n t e n s i t y ,  f o r  opaci ty  values ,  w = l/t ,  

o r  dens i ty  values ,  6 = logw. For t ransmission values  bounded t o  the  

f i n i t e  i n t e r v a l  0 5 t 5 1, the d i s t r i b u t i o n  must vanish a t  0 and 1 and 

be appropr ia te ly  skewed as the mean "crowds" c lose  t o  e i t h e r  bound. 

Opacity values  a r e  bounded t o  the semi-inf i n i t e  i n t e r v a l  1 5 w < 03, and 

dens i ty  values  a r e  bounded t o  a similar i n t e r v a l  0 <, 6 < m e  

la t ter  two, a no i se -d i s t r ibu t ion  model t h a t  is  skewed f o r  mean values  

near  only one f i n i t e  bound, and which tends t o  a gaussian form as the  

mean value moves f a r  from the bound, is needed. 

For the  

The not ions of "nearness" and "farness"  of the  mean from the  

bound i s  measured r e l a t i v e  to  the s tandard devia t ion ,  s o  t h a t  the 

s implest  mathematical form t h a t  would s a t i s f y  these  needs would, i n  

add i t ion  t o  sca l ing  and s h i f t i n g  parameters,  r equ i r e  one more parameter, 
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RR- 2.1 
x 

Fig .  2.  P lo t s  of probabi l i ty  dens i ty  func t ions  t o  be used En 
s imulat ion of f i lm noise .  The parameter p is r e l a t e d  
t o  the  r a t i o  of mean t o  s tandard dev ia t ion ,  
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t he  r a t i o  of mean t o  standard deviat ion.  Such a d i s t r i b u t i o n  i s  the  ch i -  

squared d i s t r i b u t i o n  having the  d i f f e r e n t i a l  form 

-1 -1 p f (h)dh = [T(p t - l ) ]  e h dh, 
RP 

( 4 )  

governing a random va r i ab le  0 5 1 

standard devia t ion  CT 

standard devia t ion ,  vx and ox, then the  random va r i ab le  R 

equal t o  (vx/ax) -1, may be used t o  form the  random va r i ab le  x 9 

< m, with mean value v = p-kl and 
P AP 

= d(p-kl). Given a r b i t r a r y  values of mean and 
RP 

with p s e t  
P 

2 

x = ox2Qp/vx. ( 5 )  

Also, f o r  la rge  values of the  r a t i o  vX/ox, t h a t  i s  t o  say la rge  values  

of p ,  t h i s  d i s t r i b u t i o n  approaches a gaussian form. P l o t s  of f (1) are 

shown i n  Fig.  2 f o r  p = 0, 0.5, 1, and 2 .  

RP 

For computer-simulation purposes, t he  random va r i ab le  R is 
P 

formed from uniformly-dis t r ibuted ones u, v i n  var ious ways, depending 

upon the value of p. For example, when 

j u s t  the  exponent ia l  d i s t r i b u t i o n  which 

x 
0 

FRO@) = e - td t  

p = 0 the  d i s t r i b u t i o n  ( 4 )  is 

i n  cumulative form is 

-x = 1-e , 

with inverse 

(7) 
-1 
A0 X = F (F) = - l n ( l - F ) ,  

from which formula A ,  i s  formed from the  uniformly d i s t r i b u t e d  v a r i -  

ab l e  0 < - u < 1 as .to = FRO(u) .  -1 
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When p is no t  an integer ,  the  inversion of the cumulative 

vers ion  of Eq. ( 4 )  is very t i m e  consuming, as a r e  the  ca l cu la t ions  of 

the gamma ( f a c t o r i a l )  func t ion .  In  such a case ,  0 < p < 1, the  indepen- 

dent  random var iab les  u,v a r e  regarded as determining a point  i n  the  u,v 

plane,  i n  which is a l s o  p lo t t ed  the curve 

v = eWuuP, o < p <  1. 

The computer then t e s t s  v t o  see  i f  it l i e s  below the  curve.  I f  so, then 

the  random v a r i a b l e  ,t i s  taken equal t o  these se l ec t ed  instances of u.  

I f  the t e s t  f a i l s ,  the  r o l e s  of u,v a r e  interchanged, and the  t e s t  is 

repeated.  I f  it f a i l s  again,  both instances of u,v a r e  discarded,  and 

a new p a i r  i s  generated,  continuing u n t i l  a success i s  found. The v a r i -  

a b l e s  u,v are sca led  f o r  t h i s  t e s t  so t h a t  a s u i t a b l y  la rge  f r a c t i o n  of 

the  a rea  under the  curve,  e .g .  , 99.9%, is covered. 

P 

When the  value of p i s  not  l e s s  than un i ty ,  it is  analyzed i n t o  

Then, advan- a f r a c t i o n a l  p a r t ,  0 1. pf < 1, and an in teger  p a r t ,  pi = n.  

tage  i s  taken of the  f a c t  t h a t  

f o r  A and Jo independent. Thus, n independent generat ions of R a re  

summed together  along with one generation of R f o r  p = 

P 0 

P f '  P 
For p = 10 o r  l a r g e r ,  the  computation becomes excess ive ly  long 

by the  above methods. Also, the  r a t i o  of mean t o  s tandard devia t ion  i s  

l a r g e r  than 3 . 3 .  For such cases,  the  gaussian approximation is  j u s t i f i e d .  

A gaussian v a r i a b l e  i s  ca lcu la ted  via s to red - t ab le  lookup, using 
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-1 i n  which F is the  inverse of t h e  cumulative gaussian d i s t r i b u t i o n  f o r  

zero mean and u n i t  s tandard deviat ion.  
g 

7. Simulation of Center Estimation 

The f i lm-noise  model i s  used t o  generate  a simulated image as 

a sequence of measurements along the long a x i s  of the  narrow image, 

no ise  model described above may be used t o  simulate e i t h e r  a dens i ty  

sequence o r  an opaci ty  sequence. Laboratory measurements t h a t  used an 

o p t i c a l  weighting of the  image (with dens i ty  wedges, f o r  example) would 

be weighting opaci ty  values ,  however. I n  the  computer, the mean value 

of no ise  a t  a given point  along the image i s  made t o  conform t o  the  mean 

value produced by the  photographic exposure a t  t h a t  po in t ,  us ing the  

r e l a t i o n  between opaci ty  (or  densi ty)  and exposure given empir ica l ly  by 

the  H & D curve f o r  the  photographic material intended f o r  use.  

the  noise  var iance a t  such a point i s  t o  be r e l a t e d  t o  the  mean value by 

an empir ica l  r e l a t i o n  appropriate  t o  the  o p t i c a l  r e so lu t ion  hypothesized 

f o r  the  formation of the  image. Determination of t h i s  second empir ical  

r e l a t i o n  is described i n  sec t ion  8 below. 

The 

Simi la r ly ,  

Pending the  a v a i l a b i l i t y  of the  noise-var iance da t a ,  the  com- 

puter  program has been exercised using an a r b i t r a r y  choice f o r  t h a t  

var iance.  

choice made was t h a t  of a constant var iance with a d i s t r i b u t i o n  bounded 

t o  0 5 6 < a. 

exerc ise  agree wi th  the  subsequently-obtained da ta  descr ib ing  dens i ty .  

Figure 3 shows a p l o t  of such a noisy-s igna l  sequence. The 

A s  it  happens, the bound-and-variance choice f o r  t h i s  
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Very s imilar ly-appearing p l o t s  would be generated f o r  opaci ty  bounded 

t o  1 < - w C a, except t h a t  the  s tandard-deviat ion of the  noise  would 

increase  approximately l i n e a r l y  with increasing mean opaci ty  . 
In  the  p l o t ,  the  absc issa  s imulates  t he  pos i t i on  along the  

image and the  ord ina tes  the  noisy s i g n a l  values .  A t  the  l e f t  and r i g h t  

a r e  s t a t i s t i c a l l y  s t a t i o n a r y  in t e rva l s  corresponding t o  no-signal  back- 

ground. A s  the  sequence e n t e r s  the image from the  l e f t ,  s ay ,  the  mean 

value i s  caused t o  increase and follow an e l l i p t i c a l  curve ( the  H & D 

d i s t o r t i o n  w a s  no t  i n se r t ed  in  t h i s  exe rc i se )  with a peak mean-to- 

s tandard-deviat ion r a t i o  (SNR) of 10. The image is  180 re so lu t ion  u n i t s  

wide, corresponding t o  a width of 1800 seconds of a r c  with a r e so lu t ion  

of 10 seconds. 

For center  es t imat ion ,  a f ixed  weighting pa t t e rn  w a s  used t h a t  

ass igned zero weight ou ts ide  an i n t e r v a l  corresponding t o  the  width of 

the  expected image and a l i n e a r  (or center-of-gravity-estimating) weight 

w i th in  the  i n t e r v a l .  

the  l e t t e r  N .  The noisy-image s i g n a l  values  a r e  then mul t ip l i ed  by the  

weight va lues ,  f o r  the  center  of the  weighting pa t t e rn  being loca ted  a t  

an a r b i t r a r y  point  r e l a t i v e  t o  the cen te r  of t he  image, and the weighted 

values  a r e  summed. The computer repea ts  t h i s  procedure f o r  a sequence 

of loca t ions  f o r  the  center  of the weighting p a t t e r n  u n t i l  it f i n d s  a 

loca t ion  f o r  which the sum i s  n u l l .  This n u l l  l oca t ion ,  which i s  almost 

always unique even f o r  much no i se r  images than shown, i s  the  es t imate  

of the  cen te r .  

A p l o t  of t h i s  weighting func t ion  would resemble 

The center  es t imate  fo r  the  image shown devia tes  from the  t r u e  

cen te r  by 0.16% , o r  -0.30 r e so lu t ion  u n i t s  corresponding t o  -3.0 
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FIkING SWEEP R = 1 .0  H = 1.0 XLIMIT = 6 .2  WR = 1 .000  
WEEP COMPLETE NULL FIT - .00329603 PER C E N T  E R R O R  = - . 1 6 4 8  

N O .  OF TRIFlLS = 1 
RMS O E V I F I T I O N  = .00329603 PER CENT ERROR = . 1648 

F i g .  3 .  Sequence of no isy-s igna l  values obtained v i a  computer 
s imula t ion .  The standard dev ia t ion  w a s  he ld  cons tan t  
while t he  means traced out  an e l l i p t i c a l  s i g n a l  pa t t e rn .  
F i f t y  such t r ia ls  were made with an r m s  center-estima- 
t i o n  e r r o r  of 0.29%. 
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seconds of a r c .  This exerc ise  has been repeated f o r  50 s t a t i s t i c a l l y -  

independent images with est imates  t h a t  t u r n  out  t o  be symmetrically 

d i s t r i b u t e d  about the t r u e  center  and t o  have a s tandard devia t ion  of 

0.2862%, o r  0.51 r e so lu t ion  elements, corresponding t o  5.1 seconds of 

a r c .  For t h i s  exerc ise  model and choice of peak SNR, t h i s  would cons t i -  

t u t e  the  accuracy appra i sa l  e 

I n  the  next  few months, more r e a l i s t i c  s imulat ions w i l l  be 

performed, providing an accuracy appra i sa l  a s  a func t ion  of peak exposure 

f o r  the r e l a t i v i t y  experiment. Such an appra i sa l  w i l l  r e s u l t  i n  a de t e r -  

mination of the  peak photographic exposure needed, a t  minimum, t o  f u l f i l l  

minimal accuracy requirements for  the  experiment e 

8 .  Measurements of Photographic F i l m  Noise 

The measurement of f i lm noise  is based on pro jection-microphoto- 

meter t r ac ings  of s t e p  wedges recorded on Royal-X Red-Extended photographic 

f i l m .  These step-wedge specimens were suppl ied by the  Smithsonian 

Astrophysical  Observatory. The raw da ta  c o n s i s t  of transmission values  

obtained on a specular  bas i s  ( s ca t t e r ed  l i g h t  from the  f i lm  specimen does 

no t  s i g n i f i c a n t l y  cont r ibu te  t o  the t ransmission)  and recorded an 

ana log - to -d ig i t a l  converter  on punched paper tape.  The r e so lu t ion  used 

was 20 microns corresponding t o  about 10 seconds of a r c .  Readings a t  
* 

* 
Actual ly  nea re r  8 seconds of arc.  The s p a t i a l  power bandwidth i s  pro- 

po r t iona l  t o  the r ec ip roca l  of the a r e a  of the  r e so lu t ion  window, however, 
so t h a t  the  s tandard devia t ion  f o r  neighboring r e so lu t ions  w i l l  be 
proport ional  t o  the r ec ip roca l  of the  r e so lu t ion .  
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least one r e so lu t ion - in t e rva l  apar t  along t h e  f i lm  were taken t o  

guarantee s t a t  is t ical independence among the readings.  

r e p l o t t e d  v i a  CALCOMP from the papertape record i s  shown i n  Fig.  4 .  

Rela t ive ly  s h o r t  runs were made so t h a t  accurate  focus could be guaran- 

teed  as necessary to assure  constancy of the  r e s o l u t i o n  i n t e r v a l  and 

hence s t a t i s t i c a l  s t a t i o n a r i t y .  

A t y p i c a l  t r a c i n g  , 

Cal ib ra t ion  of these  t rac ings  w a s  undertaken v i a  re ference  t o  - 
s i m i l a r  t rac ings  made from a ca l ib ra t ed  Welch dens i ty  s t e p  wedge, 

Welch c a l i b r a t i o n  is based, however, on d i f f u s e  t ransmission measurements 

(almost a l l  t he  forward-scattered l i g h t  cont r ibu tes  t o  the  t ransmission) .  

Using the  r u l e  t h a t  the  d i f f u s e  densi ty  i s  propor t iona l  t o  the  specular  

dens i ty ,  a least squares f i t t i n g  scheme f o r  logarithms of mean transmis- 

sions was used t o  determine the  propor t iona l i ty  constant  f o r  the  in s t ru -  

mental set-up.  

t ransmission values  w a s  then used t o  convert  the  measured t ransmission 

values  i n  the  Royal X wedge to  those corresponding t o  a d i f f u s e  measure- 

ment, based on the  Welch c a l i b r a t i o n .  

The 

The corresponding l a w  r e l a t i n g  specular  t o  d i f f u s e  

The c a l i b r a t e d  transmission values  were then converted t o  

opaci ty  and dens i ty  values  f o r  the purposes of determining a s tandard 

devia t ion  measure f o r  the  noise .  

however, always ca l cu la t ed  d i r e c t l y  from mean c a l i b r a t e d  t ransmission 

values .  

done i n  the  1604 computer. 

Mean values  of opac i ty  and dens i ty  were, 

A l l  processing of these da t a ,  once recorded on paper tape ,  w a s  

The r e s u l t  of these  measurements takes  the form of a p l o t  

r e l a t i n g  s tandard devia t ion  values t o  mean values .  Figure 5 shows such 
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F i g .  4 .  Plo t  of paper tape record of t ransmission values 
measured from red-extended Royal-X Pan f i lm ,  
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a p l o t  f o r  dens i ty ,  and Fig .  6 shows such a p l o t  f o r  opaci ty .  It is 

seen t h a t  the s tandard devia t ions  i n  opac i ty  CJ are cons i s t en t  with a 

l i n e a r  r e l a t i o n  t o  the  mean values v and t h a t  t h i s ,  i n  t u rn ,  is  con- 

s i s t e n t  with a cons tan t  s tandard devia t ion  i n  dens i ty  CY This observa- 

t i o n  is cons i s t en t  with the expected d i f f e r e n t i a l  r e l a t i o n s  For 

example, suppose t h a t  ow followed a power l a w :  

w 

W '  

6 '  

cy o = Kvw 
u) 

Then, s ince  the  dens i ty  is 

6 = Llnw 

i n  which L = loge,  and In  denotes n a t u r a l  logari thms,  t he  d i f f e r e n t i a l  

dens i ty  is  

so t h a t  one has 

provided t h a t  t he  s tandard devia t ions  are s m a l l  compared t o  the  mean 

values .  Thus i f  (10) descr ibes  a l i n e a r  l a w  (a = 1) , then (11) shows 

a6 t o  be independent of mean opaci ty  and hence of mean dens i ty .  

The cy = 1 i n t e r p r e t a t i o n  appears t o  be v a l i d  f o r  1 < v < 10 

o r  0 < v6 C 1, a range of primary i n t e r e s t  f o r  the study of weak-expo- 

su re  cases .  I n  t h e  months t o  come, more d a t a  is  t o  be obtained f o r  

extending the  range and f o r  t he  purposes of consis tency checks. 

W 



Fig .  7. Enlarged photograph of f i l m  image recorded by the  
anamorphic camera. 
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9. Analog T r i a l s  of Center Estimation 

A s  descr ibed previously,  an anamorphic o p t i c a l  system has been 

designed and constructed by which the sun ' s  d i s c  may be imaged a s  a long 

narrow e l l i p s e ,  but with a r e so lu t ion  such t h a t  i t  w i l l  appear as  a long 

s t r e a k  of uniform width,  but  tapered i l lumina t ion ,  exac t ly  s imula t ing  

the  taper ing  of i l lumina t ion  within the  unresolved f l a s h  p a t t e r n  t o  be 

photographed i n  the  r e l a t i v i t y  experiment. This image may be recorded 

t o  s c a l e  on 35 mm red-extended Royal-X Pan f i lm.  An enlargement of an 

e a r l y  record of such an image is  shown as  F ig .  7. The o r i g i n a l  measures 

about 4400 c1 i n  length corresponding t o  the  0.5 degree width of the  sun ' s  

d i s c ,  f o r  a 20 inch f o c a l  length.  Densitometer t r ac ings  along the  long 

a x i s  of such an image resemble the p l o t  of F ig .  3. 

Center es t imat ion  t r i a l s  are t o  be conducted on such images 

us ing  the  Jarrel-Ash Pro jec t ion  Microphotometer. 

an analog center  es t imator  w i l l  not be undertaken, although an explora t ion  

of such instrumentat ion arrangements would be a p a r t  of a f a c i l i t i e s  

development i n  prepara t ion  f o r  the experiment. What is sought i n  t h i s  

ins tance ,  however, is  the  most expedient means of ob ta in ing  analog con- 

f i rma t ion  of the computer s imulat ion.  For t h i s  reason,  a dua l -photoce l l  

double-wedge weighting scheme w i l l  no t  be used, and an admit tedly more 

awkward double-pass procedure, using a s i n g l e  photoce l l  wi th  a s i n g l e  

dens i ty  wedge, w i l l  be followed. 

A complete mock-up of 

The modif icat ions required i n  the  Jarrel-Ash machine a r e  mini- 

mal f o r  the  use of the  double-pass procedure, and may be designed s o  

t h a t  t he  normal conf igura t ion  may be speedi ly  r e s to red .  It i s  t h i s  
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f a c t  t h a t  makes it poss ib le  t o  use the machine owned by the  Astronomy 

Department during the hours when it i s  b r i e f l y  ava i l ab le ,  and t h a t  makes 

it poss ib le  t o  proceed expedient ly  and economically with t h i s  phase of 

the study. Most of the  needed pa r t s  a r e  a t  hand o r  may be r e a d i l y  

f a b r i c a t e d ,  so t h a t  i n i t i a l  t r i a l s  of t h e  double-pass procedure are 

expected t o  be made shor t ly .  

I n  the double-pass se t -up ,  the  photoce l l  w i l l  be behind a s l i t  

o r i en ted  with i t s  long ax i s  along the  long a x i s  of the  image. There 

w i l l  be a d i f f u s e r  between the  s l i t  and the  photoce l l  s o  t h a t  the r e s -  

ponse of t he  photoce l l  w i l l  be a near ly  uniform funct ion  of the  pos i t i on  

of a l i g h t  spo t  along the s l i t .  This s l i t  w i l l  be covered wi th  a dens i ty  

wedge, and the response as a func t ion  of the  pos i t i on  of a l i g h t  spo t  

a long the  s l i t  w i l l  be measured t o  make a record of the  weighting func- 

t i o n  being used. This w i l l  be done with the  wedge i n  each of i t s  two 

indexed o r i e n t a t i o n s  180' apa r t .  The records f o r  these two pos i t i ons  

toge ther  c o n s t i t u t e  t h e  double-pass weighting func t ion  

The procedure c o n s i s t s  i n  t r a n s l a t i n g  the  Mann s t age  in  the  

d i r e c t i o n  of the long a x i s  of the image u n t i l  the  image e n t e r s  the  s l i t  

a t  the  l a t t e r ' s  high-densi ty  end and moves along the  s l i t  t o  the  pos i t i on  

j u s t  s h o r t  of emerging a t  the low-density end. A t  t h i s  po in t  the posi-  

t i o n  of the s t age  i s  recorded together  with the  t ransmission value.  

Af te r  t he  wedge i s  turned,  the above pass is  repeated s topping a t  a poin t  

judged not  "by eye," t h i s  t i m e ,  but a t  a poin t  where the  t ransmission 

value i s  the  same as before .  The average i n  pos i t i ons  i s  then taken as 

the  cen te r  es t imate .  
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The anamorphic camera produces a p a i r  of such images with 

f ixed  r e l a t i v e  pos i t ions  on each frame. The datum f o r  s t a t i s t i c a l  

a n a l y s i s  is the d i f f e rence  i n  center  estimate, along t h e i r  long axes,  

between these  two images. These d a t a  w i l l  be tabula ted  f o r  a number of 

t r ia l s ,  each a t  a given peak dens i ty  l e v e l ,  and the  s t a t i s t i c a l  measures 

of mean and s tandard devia t ion  w i l l  be ca l cu la t ed  f o r  comparison wi th  

the r e s u l t s  of computer s imulat ion.  
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